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A B S T R A C T   

Increasing the durability of machines and equipment is very desirable today. It mainly applies for 
special and economically expensive applications. This can be achieved by new design of its parts. 
The aim of this research is to increase the durability of curved bodies with line contact by 
changing their shape. The durability of a rolling element with a fully crowned profile and a 
logarithmic profile were calculated using the contact stress at the point of contact obtained 
analytically on the basis of Hertz’s theory and numerically using the finite element analysis. The 
durability was calculated analytically based on the theories of Lundberg-Palmgren, Ioannides- 
Harris and Zaretsky and then compared.   

1. Introduction 

The stresses and deformations that occur when two bodies come into contact with each other on a small area are called contact 
stresses. The material of the bodies at the point of contact deforms and high contact stresses are caused. The magnitude of the contact 
stress and the subsurface stress at the point of contact of the two bodies affects their durability. Thus, the higher is the contact stress, 
the greater is the subsurface stress and the lower is the durability. 

According to Hertz, a point contact occurs when the convex profile of a rolling element has a greater curvature than the concave 
profile of an element with a raceway along which it rolls. In the case of the same curvature of the convex and the concave profile of the 
two elements, we speak of a line contact. However, these types of contacts occure in the unloaded state of the two elements. When the 
elements are in the loaded state, the point contact changes to an ellipse or circle-shaped area. When a line contact is loaded, it changes 
to the area of a rectangle or trapezoid. However, these are theoretical states of the two elements. In places of the discontinuity of the 
profile of the rolling element shell, it comes to the increase of the contact stresses to the so-called stress peak. Therefore, the end 
profiles of the rolling elements have to be modified, e.g. to circular curves or logarithmic profiles in order to eliminate these stress 
peaks. 

According to the available literature [2–5], it is possible to determine contact stresses analytically, for example using the Hertz’s 
theory, or numerically using the finite element method (FEM). 

The durability of roller bearings is evaluated usually using the ISO 281 standard [6], which is based on the Lundberg-Palmgren 
theory [7]. The ISO 281 standard specifies methods for calculating the basic rating life, which is the durability assigned to 90% 
reliability under ideal conditions. In practice, these are rare cases. According to Kaczor and Raczyński [8], it is necessary to take into 
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account an equivalent dynamic bearing load, i.e., intended equivalent bearing load, corresponding to the assumptions in the calcu-
lation of the basic dynamic load rating and having the same effect on the durability as the actual applied acting load. According to 
Lundberg-Palmgren, the decisive stress for the fatigue of two bodies (the rolling element and the body, e.g., inner or outer ring) is the 
alternating shear stress inside the material, which changes its direction. Ioannides and Harris theories [9] were based on the Weibull 
[10] and Lundberg-Palmgren theories, but added the limit fatigue stress and integrated the durability of each elementary volume 
affected in order to predict the durability of a bearing. Zaretsky [11,12] concludes that the probability of survival depends on the local 
stress in the affected volume as in Ioannides-Harris, theory but differs from Lundberg-Palmgren theory, which used only one critical 
stress. According to these theories (Lundberg-Palmgren, Ioannides and Harris and Zaretsky) it is possible to analytically calculate the 
durability of the two bodies with line contact. 

The aim of this paper is to compare the influence of various shape of curved bodies with line contact on the total durability of a 
bearing utilizing these theories, based on the calculation of the contact stress between these two bodies using the Hertz’s theory and 
FEM [13,14]. Such contact tasks are of great importance in mechanical engineering, since contact stresses arise, for example, between 
a wheel and a rail in rail vehicles, in roller bearings (wind turbines), or between gears [15–17]. 

In the case of special applications, the solution brings an increase in the theoretical durability of the bodies (elements). As it will be 
proven later in the paper, using the logarithmic profile of a curved surface the contact stress can be reduced, unwanted local stress 
peaks can be removed and thus the related subsurface stress can also be reduced. All these positives will ultimately prove to be ad-
vantageous in reducing the weight of the machine components and also in saving considerable material costs during production. 

2. Theoretical background 

In the case of bodies with curved geometry, three types of contact are distinguished in the contact area. These are the point contact, 
the line contact and the elliptical contact of bodies [18]. (See Fig. 1) 

The shape of the contact area depends on the curvature of the surface of both bodies with surface roughness at the point of contact 
depending of the production method [19]. The size of the contact area usually increases with increasing load. The formation of the 
contact area is always associated with the flattening or camber of the bodies at the point of contact and the two bodies approach each 
other. Plane stress is used for very thin objects. It assumes that stresses in out of plane direction are equal to zero. However, it does not 
imply that all strain components in that direction are zero too. Plane strain is used for very long objects. It assumes that strains in out of 
plane direction are equal to zero. But it does not mean that all stress components in that direction must be zero as well. The same 
empirical formulas apply to the plane stress as well as the plane strain [20], namely 

E0 =
E

1 − 1
μ2

. (1) 

The nomenclature of all equations used in this study is explained at the end of the article. 
We know two-dimensional and three-dimensional line contact. In the case of two-dimensional line contact with a plane strain, the 

contact area has the shape of a rectangle with the same stress distribution along the entire length of the contact areas. The distribution 
of the contact stress in the contact area is elliptical. The half-width of the contact area is calculated from the equation 

Fig. 1. Types of contact: 
(a) point contact; (b) line contact; (c) elliptical contact – open; (d) elliptical contact – closed [1]. 
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b =

(
8Q

π.EI,II .lef .
∑

q

)
1/2 . (2) 

Since the curvature of the bodies in the axial direction is zero, for the line contact of the rolling elements applies the equation 
∑

q = q1I + q1II . (3) 

In the presented paper, the durability is calculated on the basis of the following described durability theories for roller bearings. 

2.1. Lundberg-Palmgren theory 

The basic Eq. (5) of the theory includes as a main parameter the stressed amount of material below the surface of the element’s 
raceway. The Eq. (6) determines the orthogonal shear stress in the contact area. This material volume is simplified to a rectangular 
subsurface cross-sectional area delimited by the length of the ellipse of the maximum contact area and the depth zo (7), at which the 
maximum shear stress applied causes a failure to occure. The basic equation is based on the function of the Weibull distribution [10]. 
The modification of the equation was performed due to the fact that the changes in the state of the material also depend on the depth 
below the surface of the considered volume element. This assumption must be taken into account by calculating the durability of the 
roller bearings. Another significant improvement was that Weibull’s theory is based on the assumption that the first crack leads to a 
failure, although this has not been shown to be the case in dealing with fatigue in metals. This is because most cracks never reach the 
surface of a sample or cause damage. This in turn leads to the assumption that the probability of fatigue failure depends on the 
above-mentioned depth of the maximum critical shear stress in which the stresses are highest and thus the most dangerous [7]: 
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2.2. Ioannides-Harris theory 

Ioannides and Harris theory is based on the Weibull and Lundberg-Palmgren theories, but added the limit fatigue stress τu and 
integrated the durability of each elementary affected volume in order to predict the durability of the bearing. As it can be seen below, 
the modified form of the Eq. (10) is identical to the Eq. (8) except for the added limit fatigue stress. If the limit fatigue stress τu is zero, 
the Eqs. (8) and (10) are identical: 
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The main benefit of their combination is the theory that the bearings have a limit fatigue stress. That means, a critical stress less 
than the fatigue stress would give the bearing an infinite durability. The Ioannides-Harris equation was found to precisely predict the 
durability of bearings when comparing the calculated results with large-scale tests [9]. 

2.3. Zaretsky theory 

Both Weibull and Lundberg and Palmgren theories combine the exponent of the critical shear stress c with the Weibull slope e. 
Therefore, the ratio c⁄e becomes a separate expression in itself, which is commonly referred as the effective exponent of the critical 
shear stress. This suggests that the variance in the durability of a bearing depends on this critical exponent. Zaretsky found that for a 
wide range of conditions, most values of a given exponent range from 6 to 12. Based on Zaretsky’s findings, he rewrote the Weibull’s 
equation, with the exponent c becoming independent of the Weibull slope e according the equation 

N ∼

[
1
τ

]c[1
V

]1/e

. (11) 

The resulting equation for durability then has the form 
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where c = 9, e = 1.11, n = 9.9 for the line contact and n = 10.8 for the point contact. Conceptually, Zaretsky concludes that the 
probability of survival depends on the local stress in the affected volume as in Ioannides-Harris theory, but differs from Lundberg- 
Palmgren theory, which used only one critical stress. Zaretsky also did not include the limit fatigue stress in the equation, but 
stated in many documents that he did not exclude it [11,12]. 

2.4. Theory based on ISO 281: 2007 

This standard was first published in 1990. Since its publication further knowledge has been gained regarding the effect of 
contamination of the lubricant on the lubrication, internal stresses from assembly, stresses from hardening, limit fatigue stress of the 
material on the durability of a bearing and the like, up to the form ISO 281: 2007. The standard specifies methods for calculating the 
basic dynamic load rating of roller bearings in the range of dimensions corresponding to international ISO standards, with a specified 
production process. The calculation of durability according to ISO 281 is based on the Lundberg-Palmgren theory. According to the 
standard, the basic equation of the durability calculation is defined as 

L10 =

(
Cr

Pe

)p

, (13)  

where L10 is the basic rating life, Cr is the basic dynamic load rating, Pe represents the equivalent dynamic bearing load and p is the 
exponent (p = 3 for ball bearings, p = 10/3 for spherical roller bearing and tapered roller bearings). 

The standard specifies methods for calculating the basic rating life which is the durability assigned to 90% reliability using high 
quality materials, produced in good conditions and under normal operating conditions. In addition, it stipulates methods for calcu-
lating modified durability at various degrees of reliability, lubrication conditions, impurities in the lubricant and limit fatigue loads. 
Dynamic load rating is the basic and only parameter that describes a specific value of a roller bearing. This is a constant radial load at 
which the bearing can theoretically reach the basic probable durability at 106 revolutions. The formula for its calculation is defined for 
the roller bearings as 

Cr = bm.fc.
(
i.lef cosα

)7/9
.Z3/4.D29/27

we , (14)  

where bm is the coefficient of basic dynamic load rating, lef is the effective length of the rolling elements, fc is the coefficient depending 
on the bearing geometry and accuracy of production and material, i is the number of rows of rolling elements in the bearing, α is the 
nominal contact angle [◦], Z is the number of rolling elements in a single-row bearing and Dwe is the nominal rolling element diameter 
[6]. 

3. CAD model / FEM simulation 

One of the main prerequisites for determination of the durability is the knowledge of the contact stress between bodies (elements) 
in contact in the investigated system. The required contact stress as well as the subsurface stress are calculated in two ways. The first 
method was an analytical calculation using the Hertz’s theory of contact stress. The Hertz’s theory is generally known and we will not 
deal with its description in the paper. The second way to obtain the contact stress was the numerical calculation using the finite 
element method (FEM) implemented in the Ansys Workbench software [21,22]. 

For the needs of the FEM simulation, but also in order to demonstrate the change in durability using geometry with logarithmic 

Fig. 2. Fully crowned profile (blue curve) and logarithmic profile (red curve) in the curvature of the rolling element depending on the half-raceway 
length (For interpretation of the references to color in this figure, the reader is referred to the web version of this article.). 
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profile of the contact area, it was necessary to create a 3D virtual model of contact elements with geometry with fully crowned profile 
(hereinafter referred as fc profile) and logarithmic profile (hereinafter referred as log profile). The PTC / Creo Parametric software was 
used to create this parametric 3D virtual model. A spherical roller bearing was used as a reference model, which geometrical pa-
rameters are known and available in the bearing catalogues, or from the manufacturer himself. The basis of the model comprises 
suitably created drawings to which the individual volumes of the bearing elements are subsequently linked [22,23]. In this way, it is 
possible to operatively change selected bearing parameters with the help of several drawings, and to quickly and easily cover selected 
dimensional series of spherical roller bearings. The geometry was defined to reflect the actual dimensions of the spherical roller 
bearing, including all structural elements such as the concave cylinder, the exact radius of the profile curves, etc. This was necessary in 
order to ensure a correct analysis of the contact stresses as well as to evaluate the subsurface stress. 

The distribution and magnitude of the contact stress depends on the geometric shape of the bodies in contact. The aim is to optimize 
the shape of the individual bodies (elements) to ensure the optimal contact stress and distribution of the subsurface stress [24]. Fig. 2 
presents the investigated profile difference of the used geometries without the transition of the profile curves to the end radius. 

The size of the end radius of the rolling element is typically dependent on the diameter and length of the rolling element. The rolling 
element model with the log profile has the same size of the end radius as the model with the standard fc profile, which will ensure that 
the size of the end radius will not affect the achieved results and they can be then compared objectively. 

The log profile geometry was created in the contact area of the rolling element. The geometry of the rolling element consists of a 
logarithmic curve and not circular curves as in the case of the fc profile geometry. Dimensions of the bodies with raceways (bearing 
rings) have been preserved. The logarithmic curve is defined by the equations 

y = Re − Re.

⎛

⎝1 −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
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〈

−
lT

2
;+

lT

2

〉

(16) 

The Eq. (15) has a high gradient of decline at the end of the log profile at x = ±lT/2. Such a body profile would be very difficult to 
manufacture by standard grinding manufacturing processes, therefore the rolling body profile ends with an end radius, which is 
tangentially connected to the log profile described by the Eq. (15) in order to reduce the contact pressure peaks. 

Due to the most accurate calculation in the FEM analyses, it was necessary to divide the volumes of the contact bodies precisely at 
the point of contact. The size of these contact volumes for the inner and outer element contact was calculated based on Eqs. (17), (18) 
for the rolling element – inner ring contact and (19), (20) for the rolling element – outer ring contact. The calculated parameters were 
used with a correction of + 20%. 

The contact volume width b and the depth z0 (in which τ0 is applied) of the contact volume for the contact rolling element-inner 
ring are defined by the equations 

Fig. 3. Cross-section and individual parts of the 3D parametric model of the reference spherical roller bearing: 1 – outer ring; 2 – rolling element; 3 – 
inner ring; 4 – contact volume on the outer ring; 5 – contact volume on the rolling element; 6 – volume of the rolling element end profile radius; 7 – 
contact volume on the inner ring. 
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b = 2, 36.10− 3.

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
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lT
.

1
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+ 1

DF

√

, (17)  

z0 ∼ 0, 5b. (18) 

The contact volume width b and the depth z0 (in which τ0 is applied) of the contact volume for the contact rolling element-outer 
ring are defined by the equations 

b = 2, 36.10− 3.

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Qmax

lT
.

1
1

Dwe
− 1

DE

√

, (19)  

z0 ∼ 0, 5b. (20) 

The static analysis of contact elements was performed using the Ansys Workbench software which allowed the import of the ge-
ometry from the PTC / Creo Parametric software. The connection between the PTC / Creo Parametric software and the Ansys 
Workbench software is advantageous as it allows the geometry and position of the model to be changed by modifying the relevant 
analysis parameters [25]. The Workbench environment preserves the analysis settings (the definition of boundary conditions, loading 
forces, etc.) and postprocessing (the evaluation of the analysis results). It is therefore possible to easily and quickly modify the pa-
rameters of the investigated elements. An equally important step in the correct analysis of the magnitude of contact and subsurface 
stresses is the definition of a finite element meshing network [26]. The meshing network of the FEM model for contact stress analysis 
should be defined by at least five nodes per half the width of the contact area b/2. Mesh density along contact profiles has been defined 
as 3 times the element size along the width of contact area in order to decrease the finite element model computational requirements 

Table 1 
Element types and sizes of the FEM model sections presented in Fig. 3.  

Section of the FEM model in Fig. 3 Element type Element size (mm) 

1 outer ring SOLID185 5.00 
2 rolling element SOLID185 5.00 
3 inner ring SOLID185 5.00 
4 contact volume on the outer ring SOLID185 / CONTA174 0.25 on the contact surface width 

0.50 on the contact surface legth 
5 contact volume on the rolling element SOLID185 / TARGE170 0.25 on the contact surface width 

0.50 on the contact surface legth 
6 volume of the rolling element end profile radius SOLID185 / TARGE170 0.40 
7 contact volume on the inner ring SOLID185 / CONTA174 0.25 on the contact surface width 

0.50 on the contact surface legth  

Fig. 4. Finite element network of the investigated bearing: 
left- general view; right-detail of the finite element network. 
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[27,28]. Mesh of imported 3D geometries was performed in the Ansys Workbench software environment using a Solid 185 element. 
The individual bearing elements are in contact with each other because the forces acting on the bearing are transmitted among the 
rings (their raceways) and the individual rolling elements as shown in Fig. 3. Elements of the CONTA 174 and TARGE 170 type were 
used to define the contact areas of the bearing. Hexagonal volume elements were used in the contact area; in other parts of the bearing 
were used the tetragonal volume elements. The list of the element types and sizes is presented in Table 1. 

The finite element network is shown in Fig. 4. 
The spherical roller bearing model was defined for the calculation in half the symmetry of one rolling element. The areas between 

the objects, which represent the contact volumes between the rolling element and the outer or the inner ring, were defined as 

Fig. 5. Calculation boundary conditions.  
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Frictionless. Boundary conditions (see Fig. 5) were defined for the computational model as follows:  

• A – symmetry in the ZY plane.  
• B – rotational symmetry in the XY plane.  
• C – removal of one degree of freedom in the direction of the "x" axis in the cylindrical coordinate system on the surface of the outer 

ring (retention of the radial force) – prevention of expansion of the outer bearing ring in the radial direction – replacement of the 
cage / housing.  

• D – application of the loading force – the loading of the model was simulated by applying the radial force in the direction of the “y” 
axis to the area of the inner ring and its magnitude is divided into several loading steps. 

Fig. 6. Distribution of contact stress along the line contact of the fc profile at low load.  

Fig. 7. Distribution of contact stress along the line contact of the log profile at low load.  

Fig. 8. Distribution of contact stress along the line contact for the fc profile at medium loads.  
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The calculation of the contact and subsurface stresses based on the FEM analyses is shown in Figs. 6–11. The graphs show the 
distribution of the contact stress along the line contact for the fc profile and for the log profile. A symmetrical model is shown – the half 
the width of the contact area; the contact stress is shown in a top view of the area. The maximum load rating is determined as the 
maximum load rating for the elements with line contact, which is approximately at a contact stress of 3500 MPa. The contact stress is 
calculated for three different portions of maximum load:  

- low load (approx. 20% of the max. load) – central area contact stress approx. 1200 MPa.  
- medium load (50% of the max. load) – central area contact stress approx. 2000 MPa.  
- high load (80 – 100% of the max. load) – central area contact stress approx. 3000 MPa. 

Fig. 9. Distribution of contact stress along the line contact for the log profile at medium loads.  

Fig. 10. Distribution of contact stress along the line contact for the fc profile at high loads.  

Fig. 11. Distribution of contact stress along the line contact for the log profile at high loads.  
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The display of the subsurface stresses (Figs. 12–17) is performed for the variants of the fc profile and the log profile located in the 
middle cross section of the rolling element and raceway profile. 

In all cases, a medium load was applied (central area contact pressure approx. 2000 MPa). 
The graphs in Figs. 18–23 show the change in the stress distribution in the contact and subsurface areas between the rolling element 

with the fc profile – the circular curves (blue curve) or the log profile (red curve). The small peak of the fc profile contact pressure 
located in Fig. 18 may be caused by a finite-element mesh error, but such a small value will not affect the results presented in this 
paper. The subsurface stress analysis is obtained from a point in the middle of the line contact ("YZ" plane). The presented graphs 
clearly show the fact that in proportion to the decrease ofn the magnitude of the contact stress, the magnitudes of the contact stresses of 

Fig. 12. Distribution of the maximum subsurface shearstress for the fc profile.  

Fig. 13. Distribution of the maximum subsurface shear stress for the log profile.  

Fig. 14. Distribution of the YZ subsurface shear stress for the fc profile.  
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the line contact also decrease. A significant benefit of the proposed geometry with the log profile is the knowledge that the use of this 
profile already at medium and also at high loads successfully eliminates stress peaks at the end profiles of the contact areas. This 
phenomenon can only be noticed in Figs. 20 and 22. The subsurface stress is evaluated for the individual stresses as follows:  

- σx, σy, σz – principal stresses (dotted lines).  
- τmax – maximum shear stress.  
- τyz – shear stress acting in the "YZ" plane.  
- σvonM – equivalent von Mises stress. 

Fig. 15. Distribution of the YZ subsurface shear stress for the log profile.  

Fig. 16. Distribution of the equivalent von Mises subsurface stress for the fc profile.  

Fig. 17. Distribution of the equivalent von Mises subsurface stress for the log profile.  
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4. Results 

For the needs of the calculation of durability according to the ISO standard and especially according to individual theories (of 
Lundberg-Palmgren, Ioannides-Harris, Zaretsky) a script was created in MATLAB programming language, with the help of which 
durability was calculated on the basis of the calculated stress obtained from the FEM analysis. The necessity to create a script was 
mainly due to the need for numerical integration within the theories of Ioannides-Harris and Zaretsky. 

The following graphs show a comparison of individual calculation methods (by Lundberg-Palmgren, Ioannides-Harris, Zaretsky) 
for the geometry formed by the fc profile according to ISO/TS 16281 – circular curves and subsequently for the modified geometry 
formed by the log profile. The calculated durability ("x" axis) is displayed depending on the magnitude of the load ("y" axis). 

Fig. 24 shows the calculated durability for the ideal B-shape fully crowned model without stress peaks (fc parameter = 0.97), at 
which the contact stress as well as the subsurface stress are calculated on the basis of the Hertz’s contact stress theory (for the analytical 
calculation see Chapter 3) and compares it with the calculated durability for the FEM model with the fc profile (fc parameter = 0.97) 
shown in Fig. 25 and for the FEM model with the log profile of the rolling element (log parameter = 0.00035) shown in Fig. 26. 

Fig. 18. Distribution of the contact stress along the line contact at low load (For interpretation of the references to color in this figure legend, the 
reader is referred to the web version of this article.). 

Fig. 19. Subsurface stress at low load (For interpretation of the references to color in this figure legend, the reader is referred to the web version of 
this article.). 
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Unlike Hertz’s theory, the FEM models also include stress peaks. Therefore, there is a significant difference in durability when we 
compare the individual graphs where the ideal line contact shows greater durability for higher load magnitudes. The calculation 
incorporating stress peaks is considered to be more accurate based on the research. 

The following graphs compare the calculated durability for the individual models used by the appropriate theory: Fig. 27 for the 
Lundberg-Palmgren theory, Fig. 28 for the Ioannides-Harris theory and Fig. 29 for Zaretsky theory. There were used following rolling 
element models: the B-shape theoretical model of an ideal contact of fully crowned solids without stress peaks, the FEM model with the 
exact description of contact body geometry for the fc profile and the FEM model for the log profile of the rolling element. For the overall 
comparison, the durability was also calculated according to the ISO 281 standard. 

The Figs. 27–29 show significantly increase of the durability by the use of the shape of the rolling element with the log profile in 
comparison with the geometry formed by the fc profile under identical load for each theory used by the durability calculation. This 
phenomenon is considered to be a big positive, especially in terms of lower stress on the bodies (elements) at the points of contact and 
thus increase of the machine parts durability. 

Following figures show the effect of the change in the ratio between the circular curves of the raceways of the bearing rings and the 
shell of the rolling element (denoted as the fc parameter / log parameter) and the magnitude of the radial load (Frad) on the calculated 

Fig. 20. Distribution of the contact stress along the line contact at medium load (For interpretation of the references to color in this figure legend, 
the reader is referred to the web version of this article.). 

Fig. 21. Subsurface stress at medium load (For interpretation of the references to color in this figure legend, the reader is referred to the web version 
of this article.). 
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total durability. The analysis was performed according to computational theories (Lundberg-Palmgren, Ioannides-Harris, Zaretsky) for 
the shape of the rolling element with the fc profile (Figs. 30, 32, and 34) and the shape of the rolling element using the log profile 
(Figs. 31, 33, and 35). The displayed results are conveniently recalculated relative to their maximum for 100% for each variant of the fc 
/ log parameter, so the calculated durability for each value reached the maximum of 100%. For all variants, only the calculation based 
on the data obtained from the finite element analysis (FEM) was used because this calculation results are closest to the real state. The 
graphs show that the 3D areas are more flat in the shape of the rolling element formed by the log profile than the steeper areas in the 
geometry formed by the fc profile, which means that the log profile is more suitable for a wider load range. 

In order to better display the steepness of the profiles depending on the magnitude of the load, the curves in graphs below were 
created. They represent the cross-sections of the 3D areas shown above. These cross-sections were made for different load magnitudes 
under the same conditions for the fc profile (Figs. 36, 38, and 40) and for the geometry of the rolling element formed by the log profile 
(Figs. 37, 39, and 41). 

The results of the durability calculation of the rolling element with the log profile according to all theories used to calculate the 
durability, the steepness of the curves is significantly lower compared to the curves for the fc profile. It means that for the same load 

Fig. 22. Distribution of the contact stress along the line contact at high load (For interpretation of the references to color in this figure legend, the 
reader is referred to the web version of this article.). 

Fig. 23. Subsurface stress at high load (For interpretation of the references to color in this figure legend, the reader is referred to the web version of 
this article.). 
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range, the log element shape is more advantageous in terms of durability. 
The graphs in Figs. 42–44 present the effect of the curve ratio size (fc parameter) on durability at different load magnitudes. It is 

generally known that each contact of two bodies is able to carry only a certain possible load – in the case of bodies (elements) with the 
line contact, this load can be determined considering the maximum contact stress, which is approximately 3500 MPa. This magnitude 
represents 100% of the radial force Frad in the graphs shown below. If we want the given line contact to carry low loads (approx. 20% of 
the max. load), it is appropriate to consider the fc parameter at the value of 0.99. If we want to transfer medium loads (approx. 50% of 
the max. load) by the line contact, it is advisable to consider the fc parameter at the value of 0.97. For the last case of transferring very 
high loads at the limit of the load rating of the line contact itself (approx. 80 – 100% of the maximum), it is appropriate to consider the 

Fig. 24. Durability for the analytical model (fc profile).  

Fig. 25. Durability for the numerical model (fc profile).  

Fig. 26. Durability for the numerical model (log profile).  
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fc parameter at the value of 0.95. This knowledge is very important, if the load system of the particular machine part is known. It is then 
possible to use the described knowledge by dimensioning and calculation. For example, in the case of roller bearings, the operation will 
be defined at the beginning of the selection of a suitable bearing. There will be defined how much load will be applied to the bearing 
during its expected durability and the internal geometry of the roller bearing can be designed appropriate. 

The graphs in Figs. 45–47 show the influence of the log parameter of the rolling element on the durability at different load 
magnitudes. If we want the given line contact to transfer small loads (approx. 20% of the max. load), it is ppropriate to consider the log 
parameter at the value of 0.00025. If we want to transfer medium-sized loads (approx. 50% of the max. load) by the line contact, it is 
advisable to consider a log parameter at the value of 0.00035. For the last case of transmitting very high loads at the limit of the load 

Fig. 27. Calculation of durability according to Lundberg-Palmgren theory (fc profile).  

Fig. 28. Calculation of durability according to Ioannides-Harris theory (fc profile).  

Fig. 29. Calculation of durability according to Zaretsky theory (fc profile).  
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rating (approx. 80–100% of the max. load) it is suitable to use a log parameter at the value of 0.00055. 
The shape of the rolling element using the log profile is therefore more suitable for a wider load range than the fc profile. The 

durability graphs according to individual theories for the fc profile (Figs. 42–44) are visibly steeper than the durability graphs for the 
log profile (Figs. 45–47) of the rolling element. 

The graphs in Figs. 48–50 compare the durability of the selected values of the fc parameter and the log parameter. The analysis 
performed using the above-mentioned theoretical methods as well as the percentage evaluation (Fig. 51) clearly demonstrate a sig-
nificant positive change in durability in the case of using the geometry of a rolling element with the log profile at a higher radial load 
Frad. 

Fig. 30. 3D graph showing the ratio between the fc parameter and the magnitude of the load on durability according to Lundberg-Palmgren.  

Fig. 31. 3D graph showing the ratio between the log parameter and the magnitude of the load on durability according to Lundberg-Palmgren.  

Fig. 32. 3D graph showing the ratio between the fc parameter and the magnitude of the load on durability according to Ioannides-Harris.  
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5. Sensitivity analysis of the mesh grid element size 

To prove the use of the right mesh grid density by all performed analyses, a mesh grid density sensitivity analysis was performed 
using various element size in the area of the rolling element radius, where the stress peaks were considered. This assumption was 
confirmed by former presented results. 

The sensitivity analysis was done at the simplified detail of the model, which was also used by the analyses presented in the article. 
The model detail was analysed in the ¼ symmetry (Fig. 52). 

The contact pair was observed. The type of mesh grid used was the same as by the former analyses presented in the article. The 
mesh grid density was changed only at the end radius of the small contact body by the values of 0.10, 0.20, 0.40, 0.80 and 1.60 mm 

Fig. 33. 3D graph showing the ratio between the log parameter and the magnitude of the load on durability according to Ioannides-Harris.  

Fig. 34. 3D graph showing the ratio between the fc parameter and the magnitude of the load on durability according to Zaretsky.  

Fig. 35. 3D graph showing the ratio between the log parameter and the magnitude of the load on the durability according to Zaretsky.  
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(Fig. 53), whereas the value of 0.40 mm was used by the analyses presented above. 
The contact pressures were observed especially in the center of the rolling element and in the contact pressure peak location. The 

results of the sensitivity analysis by high load case are listed in Table 2, by medium load case in Table 3 and by low load case in Table 4. 

Fig. 36. Durability curves for selected bearing loads according to Lundberg-Palmgren for the fc profile.  

Fig. 37. Durability curves for selected bearing loads according to Lundberg-Palmgren for the log profile.  
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The adjacent radius mesh grid element size pressure difference ΔM (%) in the presented tables are calculated by the equation 

ΔM =
|pi − pj|

pj
100, (21)  

where: pi – initial higher mesh grid element size (starting at 1.60 mm); pj – following lower mesh grid element size (ending by 0.10 
mm). 

The various meshgrid element size contact pressure values by high load are presented in Fig. 54, by medium load in Fig. 55 and by 

Fig. 38. Durability curves for selected bearing loads according to Ioannides-Harris for the fc profile.  

Fig. 39. Durability curves for selected bearing loads according to Ioannides-Harris for the log profile.  
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low load in Fig. 56. 

6. Discussion 

The sensitivity analysis by the high load case showed, that if the end radius mesh grid changed from the 0.4 to 0.2 mm, the dif-
ference between the calculated contact pressure peaks was only 1.03%, which is a negligible difference (Table 2, Fig. 54). The small 
peak in Fig. 54 may be caused by a finite-element mesh error, but such a small value will not affect the results presented in this paper. 

The sensitivity analysis by the medium load case showed, that if the end radius mesh grid changed from the 0.4 to 0.2 mm, the 

Fig. 40. Durability curves for selected bearing loads according to Zaretsky for the fc profile.  

Fig. 41. Durability curves for selected bearing loads according to Zaretsky for the log profile.  
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difference between the calculated contact pressure peaks was only 0.23%, which is even less then by the high loads (Table 3, Fig. 55). 
The sensitivity analysis by the low load case showed, that the end radius has not a significant impact on the stress peak, because of 

the contact pressure is distributed along the raceway without a peak. (Table 4, Fig. 56). 
The chosen mesh grid element size of 0.4 mm is adequate to fulfill the goals, which should be achieved by the analyses presented in 

the article. Both finite element models were calculated with the same accuracy, thus the contact pressure values between the contact 
bodies of the models are calculated with the same accuracy too and the same relationship applies for the durability calculation. Based 
on these facts, we compare the relative durability difference between the standard fc profiled body and the log profile designed by us in 
the presented article. 

The results of the FEM analyses presented in Figs. 6–11 are calculated using the FEM models with the chosen mesh grid element size 
supported by the sensitivity analysis. The more precise analysis of the load case presented in Figs. 6–10 (fc profile; low, medium and 
high load) is discussed below to prove that the finite element model error is low. At this stage we also performed analysis with various 
meshes. Stress peaks are observed in the direction of width of contact area at the ends of the contact length on both sides. The contact 
area is distributed in a narrow strip throughout the width (about b = 2 mm). 

Fig. 57 to 59 show that the selected width of the contact surface is sufficient enough, because the contact pressure is not distributed 
over the entire inner and outer ring raceway and it has zero values at the edges as shown by the blue isosurface. 

If the contact area reaches this part of the profile (which depends on the level of applied load), it is reasonable to find a stress peak. 

Fig. 42. Effect of the curves ratio size (fc parameter) on durability according to Lundberg-Palmgren at different load magnitudes.  

Fig. 43. Effect of the curves ratio size (fc parameter) on durability according to Ioannides-Harris at different load magnitudes.  
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Fig. 44. Effect of the curves ratio size (fc parameter) on durability according to Zaretsky at different load magnitudes.  

Fig. 45. Effect of the log parameter on durability according to Lundberg-Palmgren at different load magnitudes.  

Fig. 46. Effect of the log parameter on durability according to Ioannides-Harris at different load magnitudes.  
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Fig. 47. Effect of the log parameter on durability according to Zaretsky in different load magnitudes.  

Fig. 48. Comparison of durability of selected values of the fc parameter and the log parameter according to Lundberg-Palmgren.  

Fig. 49. Comparison of durability of selected values of the fc parameter and the log parameter according to Ioannides-Harris.  
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Fig. 50. Comparison of durability of selected values of the fc parameter and the log parameter according to Zaretsky.  

Fig. 51. Comparison of the increase in the durability of the shape of the element with the log profile calculated according to the selected theories at 
100% durability of the shape of the rolling element with the fc profile for selected load magnitudes. 

Fig. 52. Simplified contact detail model prepared for the sensitivity analysis.  
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Figs. 60–62 show in detailed view of the end region of the Figs. 57–59 that the contact pressure peak is correctly distributed over the 
width of the contact area and it has the correct pressure gradient in all directions. 

The results presented in Figs. 24–29 comparing the calculated durability for the individual models used by the appropriate theory 
are deeper discussed for the modified Fig. 27 presenting the results obtained by the Lundberg-Palmgren theory with marked goals of 
the analysis and calculations (Fig. 63). 

The blue circles marked in the legend as ISO281 show the calculated dependence of durability on the load size according to the 

Fig. 53. Mesh grid density by various element dimension: (a) 1.60 mm; (b) 0.80 mm; (c) 0.40 mm; (d) 0.20 mm; (e) 0.10 mm.  

Table 2 
Mesh grid density sensitivity analysis by high load.  

Radius element size (mm) 1.60 0.80 0.40 0.20 0.10 

Contact pressure (MPa) rolling element center 3194.40 3188.20 3189.21 3182.30 3182.40 
peak 5695.40 5428.40 5306.40 5361.30 5351.80 

Adjacent peak pressure value difference (%) – 4.69 2.25 1.03 0.18  

Table 3 
Mesh grid density sensitivity analysis by medium load.  

Radius element size (mm) 1.60 0.80 0.40 0.20 0.10 

Contact pressure (MPa) rolling element center 1919.40 1919.30 1919.20 1919.00 1919.00 
peak 1375.50 1361.00 1352.30 1349.02 1349.00 

Adjacent peak pressure value difference (%) – 1.05 0.64 0.23 0.01  
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relevant theory by the ideal distribution of contact pressure without a pressure peak (with the same size along the entire length of the 
line contact). However, we have calculated a real profile of contact bodies, in which the distribution of contact pressure is not ideal. 
The calculations and results in the article have shown that the contact pressure peaks occur at the ends of the body profile at large load 
values. These pressure peaks affect the calculated durability according to the individual theories. 

Fig. 63 shows, that the contact pressure peak of the standard barrel bearing fc profile (blue square) appears already at lower loads 
and its calculated durability is lower than by the ideal pressure distribution according ISO281 (left offset from the ISO 281 curve). The 
proposed log profile succeeded to achieve a more favorable distribution of contact pressure with smaller pressure peaks at higher loads 
than the standard fc profile (red square). The calculated log profile curve shows that its durability is higher for the same load as applied 
by the fc profile and the pressure contact peak affects the durability first at higher load values than in the case of the fc profile even by 
smaller durability drop gradient (area above the red square). 

7. Conclusion 

This paper deals with the increase of the durability in the area of the line contact with curved bodies. The presented results show 
that surprisingly at medium magnitudes by approximately 50% of maximum possible load of the line contact (curved – spherical roller 
/ toroidal) the benefit of the logarithmic profile is minimal – the calculated durability has almost been identical to the initial state. 
However, at low load magnitudes (15–25% of max. load), the durability calculated for the logarithmic profile has approximately 

Table 4 
Mesh grid density sensitivity analysis by low load.  

Radius element size (mm) 1.60 0.80 0.40 0.20 0.10 

Contact pressure (MPa) rolling element center 1157.00 1157.10 1157.10 1157.00 1157.00 
peak – – – – – 

Adjacent peak pressure value difference (%) – – – – –  

Fig. 54. Contact pressure along the raceway length by high load.  
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Fig. 55. Contact pressure along the raceway length by medium load.  

Fig. 56. Contact pressure along the raceway length by low load.  
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doubled. For example, if a spherical roller bearing with a fully crowned (fc profile) profile reaches 1,000,000 revolutions, then the 
same bearing with a logarithmic shape of the rolling element (log profile) should last approximately 2,000,000 revolutions at identical 
load. At high load magnitudes (80–100% of max. load), the calculated durability has multiplied several times, which is caused due to 
the fact that the logarithmic profile successfully eliminates stress peaks at the end profiles. 

The benefit of the solution is very desirable from the point of view of the increase in the durability of machine parts. Of course, there 
should be mentioned that the production costs will increase, since it is easier to grind, e.g., the bearing’s rolling element profiles with 
the common fc profile than to manufacture a new shape tool with a specific log profile. However, not all applications are expected to be 
produced using this logarithmic profile – this application is suitable for special applications such as large wind turbine bearings etc., 
where there are high stresses caused by the loading and every percentage increase in theoretical durability is of great importance. 
Furthermore, the use of the logarithmic profile reduces the contact and subsurface stresses, eliminates stress peaks and thus makes it 
possible to reduce the dimensions of the bearing rings. Each of these eliminations has a significant benefit in reducing weight, as the 
weight of, e.g., large bearing equals hundreds of kilograms. Material cost savings are also directly related to the weight saving, because 
high-quality materials are used to produce such large mechanical parts. 

Nomenclature  

Symbol Meaning Unit 
A - material constant [-] 
bm - coefficient of basic dynamic load rating [-] 
b - contact volume width [mm] 
Cr - basic dynamic load rating [kN] 
c - represents the exponent of the critical shear stress [-] 
DE - diameter of the raceway of the outer ring [mm] 
DF - diameter of the raceway of the inner ring [mm] 
Dwe - rolling element diameter [mm] 
dlog - logarithmic parameter [-] 
E - Young’s modulus [MPa] 
EO - planar stress [MPa] 
EI,II - Young’s modulus of the respective bodies [-] 
e - Weibull slope [-] 
fc - coefficient depending on bearing geometry and accuracy of production and material [-] 
h - material constant [-] 
i - number of rows of rolling elements [-] 
L10 - basic rating life [106 revs] 
lef - effective length of rolling element [mm] 
lT - maximum length of rolling element [mm] 
N - reload cycles [-] 
Pe - equivalent dynamic bearing load [kN] 
p - exponent, bearing determination constant [-] 
pi - initial higher mesh grid element size [mm] 
pj - following lower mesh grid element size [mm] 
p0 - contact stress [MPa] 
Q - acting load at the point of contact [N] 
Qmax - maximum load of rolling element [N] 
q - curvature of raceways and rolling elements [mm− 1] 
Re - radius of the raceway of the outer ring [mm] 
S - probability of survival [-] 
V - stressed volume [mm3] 
Z - number of rolling elements [-] 
z0 - depth of applied shear stress [mm] 
2b - minor axis of the ellipse in contact [mm] 
α - contact angle [◦] 
μ - Poisson’s constant [-] 
Δ - adjacent contact pressure difference [-] 
ΔM - pressure difference of adjacent grid elements [-] 
π - Ludolf’s constant [-] 
τ - critical shear stress [MPa] 
τ0 - shear stress [MPa] 
τu - limit fatigue stress [mpa]  
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Fig. 57. Detailed view on the contact pressure values at the inner ring raceway by low load in half symmetry (For interpretation of the references to 
color in this figure legend, the reader is referred to the web version of this article.). 

Fig. 58. Half view on the contact pressure values of the inner ring raceway by medium load (For interpretation of the references to color in this 
figure legend, the reader is referred to the web version of this article.). 

Fig. 59. Half view on the contact pressure values of the inner ring raceway by high load (For interpretation of the references to color in this figure 
legend, the reader is referred to the web version of this article.). 
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Fig. 60. Detailed view of the Fig. 57 showing the contact pressure peaks at the inner ring raceway end by low load.  

Fig. 61. Detailed view of the Fig. 58 showing the contact pressure peaks at the inner ring raceway end by medium load.  
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